Numerical calculations are performed to examine the interaction of highly nonlinear solitary waves in one-dimensional granular crystals with elastic solids containing a defect in the form of an embedded spherical void. The calculations are based on a coupled numerical model, combining concepts of discrete and finite elements. It is found that the delay and force amplitude of the reflected solitary waves are controlled by the local contact stiffness of the inspected sample, and are strongly affected by the size and depth of the embedded void. Moreover, the predictions show a steady increase of delay of the reflected solitary waves with increasing void radius for a fixed void depth, approaching the pristine case (no void) at sufficiently small void sizes. It is also found that the detectability of voids near the surface generally increases with decreasing sample's elastic modulus, and can be further increased by adjusting the striker velocity. The findings from this study can be used for developing a solitary wave-based diagnostic scheme to inspect elastic solids with void-like defects.
Introduction
The propagation of highly nonlinear solitary waves (HNSWs) has recently been studied and used in numerous applications across a variety of research areas ( Nesterenko, 2001 ; Sen et al., 2008 ) . It has been shown that a one-dimensional (1D) granular crystal, composed of a linear array of elastic spherical particles in contact, exhibits weakly nonlinear behaviour if the chain of particles is strongly compressed ( Nesterenko, 2001 ) . On the other hand, in case of week pre-compression, the granular crystal supports the propagation of HNSWs with remarkable controllability and robustness ( Coste et al., 1997; Nesterenko, 1983 Nesterenko, , 2001 ). In comparison to dilatational waves in elastic solids, they can carry a large amount of energy at a constant wavelength, and their propagation speed is approximately one order of magnitude lower and dependent on the material properties, the geometry of the elastic chain particles and the magnitude of the perturbation ( Daraio et al., 2006b; Job et al., 2007; Nesterenko, 2001 ) .
The unique properties of HNSWs have been exploited in previous studies to investigate potential use in acoustic imaging ( Spadoni and Daraio, 2010 ) , mitigation of shock waves ( Daraio * Corresponding author.
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et al., 20 06a; Hong, 20 05; Melo et al., 2006 ) and non-destructive testing (NDT) of materials and structures ( Ni and Rizzo, 2012a,b; Ni et al., 2012; Yang et al., 2011a Yang et al., , 2012a . Specifically in the field of NDT, numerous studies appeared in the literature during the last decade. One-dimensional studies on the interaction of HNSWs in granular crystals with linear elastic solids have been conducted in detail by Job et al. (2005) and Yang et al. (2011b) . They found that the interaction of HNSWs at elastic interfaces results in a series of reflected waves depending on the elastic properties of the inspected medium. In the work of Yang et al. (2011b) , it was shown both experimentally and analytically, that the delay of the primary reflected wave (PRW) strongly depends on the local contact stiffness of the elastic medium, and can be used to determine the modulus of the inspected sample. Later, Yang et al. (2012a) investigated the possibility of using the 1D granular crystal sensor for non-destructive testing of plates, observing strong geometrical and boundary effects on the reflected solitary waves. Other authors ( Cai et al., 2013 ) studied the interaction between nonlinear solitary waves and slender elastic beams and found that the delay and amplitude of the reflected solitary waves are affected by the geometry, the mechanical properties and thermal stresses induced in the beam. Experiments on detecting delamination in carbon fibre-reinforced polymer composites using HNSWs were performed by Yang et al. (2011a) , demonstrating sufficient effective-ness of the method for detecting the location of the delamination in the plane but not in the through-thickness direction. The potential use of 1D granular crystal sensors for various biomedical applications has also been probed. Yang et al. (2012b) investigated the possibility of measuring site-specific elastic properties of bone via direct contact with a 1D granular crystal sensor, and found that the characteristics of the reflected solitary waves are sufficiently sensitive to detect differences in bone quality. In a different study, Yang et al. (2012c) employed the same method to evaluate implant stability in total hip arthroplasty. They found that the delay of the secondary reflected wave (SRW) was strongly affected by the strength of stem fixation, suggesting that the SRW is more sensitive to the boundary conditions than to the local contact stiffness of the sample. Granular crystal sensors were also used by other authors for the inspection of adhesive joints ( Ni and Rizzo, 2012a ) and monitoring the hydration of cement ( Ni et al., 2012 ) .
While previous studies have well demonstrated the feasibility of the HNSW-based diagnostic method in various NDT applications, we still need to enhance our fundamental understanding of how HNSWs respond to various configurations of damage in an inspection medium, e.g., size and location of cracks and voids. In this study, we conduct a numerical investigation on the interaction of HNSWs in 1D granular crystals with adjacent elastic solids containing a spherical void, which mimic a defect in an inspection medium. A coupled numerical model based on concepts of discrete elements (DE) and finite elements (FE) is developed and used to perform a detailed investigation on the sensitivity of delay and force amplitude of the reflected solitary waves to size and depth of the void, as well as to sample's elastic modulus and striker velocity. Finally, we construct non-dimensional maps to determine the detectable and non-detectable void configurations for a given sample material and striker velocity. As a result, we find that certain features of the reflected HNSWs are highly sensitive to the size and depth of the void. This implies that the HNSW-based diagnostic scheme can potentially identify the location and severity of voidlike defects in elastic inspection media.
The outline of this paper is as follows: in Section 2 , we describe and validate the coupled DE/FE model; in Section 3 , the predictions obtained with the hybrid DE/FE model are presented and discussed and finally, in Section 4 , we summarise the main conclusions of this study.
Numerical modelling

Description of the coupled DE/FE model
To simulate the propagation of HNSWs in granular crystals and their interaction with adjacent solid materials, a coupled DE/FE model was developed in ABAQUS, and the details of the numerical scheme are described in this section. As sketched in Fig. 1 a, we model a chain of contacting particles composed of 19 steel spheres, each of radius R = 4.78 mm and mass m s = 3.56 g, and a cylindrical sample containing a spherical void of radius r and depth h (measured from the sample surface); the radius and height of the sample, r s and h s , respectively, were chosen sufficiently large to eliminate boundary effects that could disturb the stresses and deformations near the contact zone. Preliminary calculations have shown that this is guaranteed by choosing r s > 20 a and h s > 50 δ ( δ denotes the indentation into the elastic sample and a =
√
Rδ is the radius of the circular contact zone); the latter criteria were met by setting r s = 10 mm and h s = 40 mm in all calculations performed here. To simulate the initiation and propagation of the HNSWs in a computationally efficient manner, the discrete element technique was employed, modelling the granular crystal as a chain of point masses connected through non-linear spring elements (see Fig. 1 b) ; the force-displacement relationship of each spring element was chosen according to the Hertzian contact theory ( Johnson, 1985 ) . In this theory, the relation between contact force F and indentation δ for two identical spherical beads in contact is given by
where the coefficient A depends on
Here, E s and ν s denote Young's modulus and Poisson's ratio of the steel spheres, respectively. For the case of a spherical particle in contact with an elastic half-plane, the coefficient A is given by
where E and ν are Young's modulus and Poisson's ratio of the elastic-half space, respectively. The presence of a void close to the surface (see Fig. 1 b) affects the contact behaviour between the granular crystal and the sample, and invalidates the applicability of Hertzian theory Eqs. (1) and (3) . Therefore, the contact between the chain and the sample was modelled using the FE method. In the FE domain, both sphere and sample medium were discretized using four-noded and threenoded axisymmetric elements; three-noded elements were only used in sections where four-noded elements would have been highly distorted. The mesh size was chosen as follows. We first performed preliminary calculations in which the mesh size in the contact zone was successively reduced until the contact force predictions gave a maximum deviation of 3% to the theoretical solution by Hertz. For most cases considered here, we found that a mesh size of approximately l e = 0.01 mm was sufficient to accurately replicate the details of the non-conforming contact between the sphere and the sample. In calculations where the sphere was located very close to the surface, the mesh size was further reduced to ensure that the induced stress gradients were accurately resolved. We found that mesh convergence was achieved when at least 10 elements were placed between the sample surface and the sphere, l e < h /10. In addition, care was taken to ensure that 20 elements were placed along the half circle representing the geometry of the embedded sphere in the axisymmetric model, l e < r π /20, to accurately replicate its geometry and possible stress concentrations around it. To model the contact interaction between the chain and the target medium, the "hard contact" interaction was chosen in ABAQUS. This allows for contact pressure to be induced as soon as the two contacting surfaces overlap during the analysis, and vanish immediately after separation takes places. The constitutive response of the steel particle and the sample was assumed to be linear elastic. In all calculations performed here, the Young's modulus, Poisson's ratio and density of the steel particles were chosen as E s = 210 GPa, ν s = 0.27 and ρ s = 7800 kg m −3 , respectively, with longitudinal wave speed c s = E s / ρ s = 5189 m s −1 . Unless otherwise stated, the Poisson's ratio of the sample material was set to ν = 0.3 and its density was taken as ρ = 30 0 0 kg m −3 in all calculations.
We note that the static Hertz Eqs. (1) - (3) are applicable to the dynamic problem considered here since (i) plastic deformation is not considered, (ii) the radius of the contact area a remained small compared to the radius R of the steel spheres ( a < R /100 in our calculations), and (iii) the characteristic times of the generated solitary waves (see Figs. 2-4 ) are much longer than the oscillation period for the basic shape of the steel particle, T s = 2.5 R s / c s = 2.3 • 10 − 6 s ( Nesterenko, 1983 ( Nesterenko, , 2001 .
The boundary conditions were chosen such to constrain all degrees of freedom at the bottom surface of the target to zero, mimicking a rigid, fully-clamped support. Mechanical coupling of the DE and FE domains was enforced by connecting the last (nonlinear) spring element to the node on the apex of the meshed sphere (see Fig. 1 b) . Preliminary calculations have shown that the dynamic force carried by the nonlinear spring element in the dynamic analysis causes spurious local deformations of the FE mesh at the connection point, and distorts the Hertzian contact interaction (implemented by using the non-linear spring). Therefore, the Young's modulus of the surrounding elements in the FE mesh (within a vertical distance of 0.8 mm from the apex) was chosen sufficiently high ( E = 20 0 0 GPa) to reduce spurious local deformations to a fraction less than 0.005% of the total spring deformation, which was proven to be sufficient to preserve the nonlinear properties of the solitary waves (see Fig. 2 ). The propagation of the HNSW was generated by imposing an initial velocity v 0 to the striker particle (see Fig. 2 b) . The transient dynamic response of the system was calculated using the HilberHughes-Taylor time integration scheme ( Hilber et al., 1977 ) with the corresponding parameters set to α HHT = −0.414, β HHT = 0.5 and γ HHT = 0.914, to limit numerical damping. The nonlinear equilibrium equations were solved iteratively with automatic adjustment of time increments ( Abaqus, 2014 ) . A force residual of 0.5% of a spatially and time averaged structural force ( Abaqus, 2014 ) was specified for convergence of the solution. The effect of gravity was also accounted for by imposing a concentrated force equal to the particle weight on each chain element (assuming g = 9.81 m s −2 ) and prescribing an appropriate body force on the whole FE domain before the HNSW was generated. This was achieved in ABAQUS by including an additional static analysis step.
Contact force versus time histories were extracted from the numerical solutions for the 9 th chain particle counted from the top of the granular crystal. We denote as F 9T the contact force at the top of particle 9 (i.e. between particles 8 and 9) while F 9B represents the contact force induced at the bottom of particle 9 (i.e. between particles 9 and 10) during propagation of the HNSW. According to Daraio et al. (2005) , the force measured by an infinitely stiff and massless gauge placed in the middle of particle 9 is calculated as the average of the two time histories
This temporal profile will be a measurement result by experiments, if we embed an instrumented sensor particle in the chain by using a piezoelectric disc element ( Daraio et al., 2005; Yang et al., 2011b ) , as shown in Fig. 1 a. It is important to note that the placement of the gauge should not be too close to the free end of the granular crystal to avoid dispersion and attenuation of the reflected solitary waves by chain fragmentation ( Nesterenko, 2001 ); on the other hand, the gauge should not be too close to the sample surface to allow for full formation of the reflected solitary waves. We shall show in the following section that gauge placement in particle 9 is appropriate for the calculations performed here.
Model validation
To validate the accuracy of the coupled DE/FE model, additional calculations were performed using a full FE description of the wave propagation and interaction process, modelling each chain particle as a linear elastic solid material ( E = 210 GPa and υ = 0.27) and sufficiently refining the FE mesh in the contact zone between each particle using a mesh size l e ∼ 0.01 mm. In Fig. 2 , we compare the predictions of time histories of the effective force ( Eq. (4) ) obtained with the DE/FE model and the full FE model, respectively, for the case of a pristine target (i.e. no void included) with E = 1.5 GPa, and with striker velocity v 0 = 0.32 m s −1 . The arrival of the incident HNSW at the gauge (particle 9) is recorded at time t ≈ 0.11 ms, and results in two reflected solitary waves, the primary reflected wave (PRW) with a 0.56 ms delay, and a secondary reflected wave with 0.69 ms delay. We define as "delay" the time elapsed from the arrival of the incident wave to the arrival of the reflected wave, as shown in Fig. 4 a. Note that these multiple packets of reflected solitary waves result from complex interactions between the granular crystal and the linear elastic sample at the interface, as detailed in Job et al. (2005) and Yang et al. (2011b) . Returning to Fig. 2 , both types of predictions are found to be in excellent agreement, giving us confidence that the developed DE/FE approach is sufficiently accurate and suitable for modelling the propagation of HNSWs in 1D granular crystals and their interaction with adjacent elastic interfaces.
We now proceed to examine the nonlinear behaviour of the predicted incident and reflected solitary waves in the 1D granular crystal, by probing their characteristic features including compact wave support and nonlinear dependence of the propagation speed with the magnitude of the perturbation. Moreover, we explore effects of possible dispersion under the action of the gravitational field which has been shown to affect the wave dynamics of granular media ( Sinkovits and Sen, 1995 ) . To this end, additional DE/FE calculations were performed using a pristine sample (no void included) with E = 10 GPa and varying the striker velocity within the range 0.3 m s − 1 ≤ v 0 ≤ 2 m s − 1 . Fig. 3 a presents the predicted force versus time histories applied on gauges embedded in particles 5, 9 and 14 (counted from the top) for the case of v 0 = 0.3 m s −1 . It can be seen that the incident wave is compactly supported and maintains its shape between particles 5 and 14 without significant wave attenuation or distortion. The same applies to the reflected solitary waves (PRW and SRW) while propagating in the chain between particles 14 and 9; however, at particle 5, we observe significant dispersion of both PRW and SRW which can be ascribed to chain fragmentation (i.e. contact separation between adjacent particles) triggered at the free end of the chain by the striker impact that initiated the propagation of the incident wave ( Nesterenko, 2001 ) . To eliminate effects of wave dispersion, we use the gauge embedded in particle 9 as a reference in all calculations presented in the following sections. It is important to note that calculations performed without imposing the gravitational field resulted in a response very similar to that shown in Fig. 3 a (not shown here for the sake of brevity) . This is not un- expected since the application of the gravitational field leads to a weak gradient of static pre-compression (maximum force of 0.66 N applied on the particle at the bottom of the chain) compared to the force amplitudes associated with the propagation of the incident and reflected solitary waves, which are found to be within the range of 8-30 N here.
In Fig. 3 b, we present the predictions of the incident and reflected solitary wave speeds as functions of the particle velocity v p ; these predictions were performed by varying the striker velocity within a range of 0.3 m s − 1 ≤ v 0 ≤ 2 m s − 1 . The solitary wave speed was measured by analysing temporal force profiles obtained from gauges embedded in particles 15 and 9, while the particle velocities in the chain were extracted from the DE/FE solution database. The full triangles, circles and squares included in Fig. 3 b represent predictions performed with a DE/FE model that neglects effect of the gravitational field. We also include the theoretical solution of Nesterenko's long wave approximation ( Nesterenko, 2001 ) for the solitary wave speed in a weakly compressed chain, as given by
where v p is the particle velocity and the coefficient A is given by Eq. (2) . It is seen from Fig. 3 b that the DE/FE predictions of the incident wave speeds are in excellent agreement with the theoretical solution ( Eq. (5) ) for the range of parameters considered here, while the wave speeds of both PRW and SRW are slightly lower than what predicted by Eq. (5) . The latter discrepancy can be attributed to the increasing degree of "disorder" in the chain detected behind the propagating solitary waves, in the form of small gaps and velocity differences between adjacent particles. It is also clear from Fig. 3 b that, in the absence of the gravitational field, no significant differences in wave speed are detected, suggesting that the effect of a gradient of static pre-compression has no significant effect on the strongly nonlinear wave behaviour predicted by our calculations.
Results and discussion
In this section, we employ the coupled DE/FE model to conduct a detailed numerical investigation on how changes in size and depth of the void affect the characteristics of the reflected solitary waves. Effects of sample modulus E and striker velocity v 0 will also be studied.
In Fig. 4 a, we present time histories of the effective force ( Eq. (4) ) showing the incident HNSW, generated in the granular chain with v 0 = 0.3 m s −1 at time t = 0, as well as the solitary waves reflected from an elastic sample ( E = 10 GPa) with an embedded void of radius r = 1 mm and depth h = 0.2 mm. We also include in Fig. 4 a predictions obtained for a pristine sample with E = 10 GPa, i.e. in absence of the void. It can be seen that the first peak, representing the incident HNSW, is identical in both cases, as expected. The reflected HNSWs, on the other hand, are affected by the presence of the void. When the void is included, the delay of both PRW and SRW increases and the force amplitude, F max , of the PRW decreases while that of the SRW increases.
Note that the emergence of reflected solitary waves is the outcome of a complex interaction between the nonlinear gran- ular crystal and the linear elastic medium at the interface, and such a forming mechanism is explained in Job et al. (2005) and Yang et al. (2011b) . It was shown ( Yang et al., 2011b ) that when the last bead penetrates deep enough into the sample material, it can lose mechanical contact with the rest of the chain. The bead rebounding from the elastic surface then collides with the rest of the chain which triggers the formation of the PRW, while the SRW is initiated by a second collision between the same chain particles. Therefore, the delay of the PRW and SRW formation strongly depends on the displacement of the last chain particle which is controlled by the contact stiffness of the sample. For the case considered in Fig. 4 , the presence of an embedded void of radius r = 0.8 mm and depth h = 0.1 mm leads to a reduction of the sample's contact stiffness and hence, to an increase in contact interaction time of 0.1 ms (see Fig. 4 b) , which delays the formation of both PRW and SRW and increases their delay by approximately the same amount of 0.06 ms (see Fig. 4 a) . Such strong dependency between the contact time and the delay of PRW and SRW formation is in good agreement with the findings of Yang et al. (2011b) . It can also be seen from Fig. 4 b that the solitary wave interaction gives rise to weak oscillations in contact force at a frequency close to that associated with the first axisymmetric eigenmode of the sample, f 1 = 11,520 Hz (obtained from a modal analysis in ABAQUS). While these oscillations are transmitted into the pre-compressed chain of particles, their amplitudes are weak and their period of oscillation is well decoupled from the duration of the nonlinear pulses.
To investigate the degradation of the contact stiffness by the inclusion of the void, additional DE/FE calculations were performed for the case E = 10 GPa, varying the depth of the void h between 0.1 mm and 0.5 mm while keeping its size fixed, r = 1 mm. We extracted from the DE/FE solutions synchronised time histories of contact force and centroid displacement of the last chain particle (referred to as indentation here), and constructed a contact force versus indentation chart on logarithmic scale, as presented in Fig. 5 . In addition to the DE/FE predictions, we include in Fig. 5 prediction obtained from Hertz theory representing the pristine case. It can be seen that the curves are shifted downwards as the void depth decreases, indicating a softer response; on the other hand, the slopes of the predicted curves in Fig. 5 are less affected by the presence of the void, suggesting that the nonlinearity of the Hertzian contact is nearly preserved for the void configurations considered here. Note that when the void depth reaches h = 1.2 mm, the response becomes nearly identical to the Hertzian theory.
Sensitivity of the response to void size and depth
Having shown that the delay and force amplitude, F max , of the reflected HNSWs are affected by the presence of the void, we proceed to examine their sensitivity to changes in void size and depth.
We begin by noting that the sensitivity of the granular crystal sensor to detect voids of given size and depth in an elastic material can be quantified by the normalised delay defined here as
where T pristine denotes the delay associated with a pristine material of modulus E , and T void is the delay measured for the same material containing a spherical defect of radius r and depth h . Similarly, we define the normalised force amplitude as
Based on the uncertainties of delay and amplitude measurements reported by Yang et al. (2011b) , we assume in the following that defects are practically non-detectable if 1 ≤ T ≤ 1 . 02 and 0 . 98 ≤F max ≤ 1 . 02 .
As shown in Section 3 , the contact stiffness of an elastic solid is strongly affected by the presence of a void close to the surface (see Fig. 5 ). For a given steel particle radius R , the latter quantities can be written in terms of the parameters
representing normalised void depth and radius, respectively, which are used in the following to describe the geometric effect of the embedded void on the features of the reflected HNSWs. One note of caution: the choice of parameters in Eq. (8) does not make the problem size independent. To determine the governing nondimensional groups, more refined analytical models are necessary to reveal the physics of the underlying contact problem. In Fig. 6 a, the predicted normalised delays T of the PRW (bold lines) and SRW (dashed lines) are plotted as functions of the normalised void radius r for the choices E = 10 GPa and v 0 = 0.3 m s −1 ; contours of normalised void depth h are included for three selected values. The grey band in Fig. 5 a represents the non-detectable range 1 ≤ T ≤ 1 . 02 . It can be seen from Fig. 6 a that T increases with increasing values of r . On the other hand, if r is sufficiently small, T approaches unity, indicating that the effect of the void becomes insignificant. For h = 0 . 25 , most predictions lie within the undetectable range T < 1 . 02 , and the sensitivity of T to variations of r becomes insignificant. In general, very similar trends are observed for PRWs and SRWs. Fig. 6 b presents the corresponding normalised force amplitudes F max for both PRW (full diamonds) and SRW (empty diamonds) as functions of r for the same choices E = 10 GPa and v 0 = 0.3 m s −1 . Again, the grey band in this figure represents the non-detectable range 0 . 98 ≤F max ≤ 1 . 02 . It is seen that the predicted amplitudes F max of the SRWs increase monotonically with increasing values of r while those associated with the PRW are close to unity and decrease slightly with increasing r . Except for the case h = 0 . 02 , we observe that F max = 1 provides an upper bound for the PRW amplitudes and a lower bound for the SRW amplitudes. It is also clear from Fig. 6 b, that the SRW amplitudes are more sensitive to variations of r compared to the PRW amplitudes for all values of h considered here.
In Fig. 7 we provide similar information for the case of a softer target material, E = 1 GPa; again, the striker velocity was chosen to be v 0 = 0.3 m s −1 . First compare Figs. 6 a and 7 a: for the case E = 1 GPa ( Fig. 7 a) , the T predictions of both PRW and SRW are more sensitive to variation of r compared to the target material with higher stiffness E = 10 GPa ( Fig. 6 a) for all choices of h considered here; in addition, the T values generally increase by decreasing the target modulus from E = 10 GPa to E = 1 GPa, suggesting that the sensitivity of the granular crystal sensor to detect voids of a given size and depth increases when the target modulus is lower.
In Fig. 7 b, we present the corresponding normalised force amplitudes F max for both PRW and SRW as functions of r . Except for the case h = 0 . 25 , the PRW and SRW amplitudes show opposite trends. An interesting observation is made by comparing Figs. 6 b and 7 b: while the F max values associated with the PRW and SRW decreased and increased, respectively, for the case E = 10 GPa ( Fig. 6 b) , opposite trends are predicted for E = 1 GPa ( Fig. 7 b) . This apparent anomaly will be examined in more detail in the following section.
Sensitivity of the response to sample stiffness and striker velocity
In this section, the effects of target stiffness E and striker velocity v 0 on the parameters T and F max are examined in detail. In Fig. 8 a, predicted normalised delays T of both PRW and SRW are plotted as functions of target modulus E within a range 0.5 GPa ≤ E ≤ 200 GPa for the choices v 0 = 0.3 m s −1 and r = 0 . 21 ; contours are included for three different values of h . It is seen that T steadily decreases with E for all values of h considered here, indicating that the sensitivity of the granular crystal sensor decreases with increasing target modulus E , in line with the information presented in Figs. 6 and 7 . For the case h = 0 . 25 , the reflected HNSWs are nearly undetectable for the range of E shown here. With exception of the case h = 0 . 02 , only small differences are detected between the T predictions of PRWs and SRWs. It is also interesting to note that SRWs do not occur if the target modulus is sufficiently high ( E ≈ 50 GPa), in line with what reported in the literature for linear-elastic homogenous materials ( Yang et al., 2011b ) .
The corresponding predictions of F max are presented in Fig. 8 b as functions of E for two choices of h , showing that the PRW amplitudes are greater than unity at low values of E while we report F max < 1 for higher target stiffnesses, E ≥ 10 GPa. Conversely, the SRW amplitudes are predicted to be F max < 1 at low values of E and F max > 1 at higher target stiffnesses, consistent with what presented in Figs. 6 b and 7 b. This highly non-linear trend renders the correct interpretation of F max measurements practically difficult and therefore, only the quantity T will be used in the following to quantify the sensitivity of the granular crystal sensor to detect voids in elastic solids. Now a natural question following the discussion above is whether we can enhance the sensitivity of our HNSW-based scheme by using a higher striker velocity. In Fig. 9 a, we present the predicted normalised delays T of PRW and SRW as functions of the striker velocity v 0 for the case E = 1 GPa and r = 0 . 21 with contours of h included. It can be seen that the delays T of both PRW and SRW decrease with increasing v 0 for the case h = 0 . 02 , suggesting that the detectability of voids decreases with increasing striker velocity. On the other hand, the dependence of T on v 0 is less pronounced if the void depth is increased to h = 0 . 11 . Similar information is presented in Fig. 9 b for the case of a stiffer tar get material, E = 50 GPa. Note that SRWs do not occur for this case (recall Fig. 8 ) and therefore only PRW predictions are presented. Compared to the predictions obtained for the soft sample material, E = 1 GPa ( Fig. 9 a) , the effect of increasing the Young's modulus of the target to E = 50 GPa ( Fig. 9 b) is to decrease the sensitivity of T to variations of v 0 , suggesting that the detectability of voids is more sensitive to the striker velocity if the target material is soft. Fig. 9 . DE/FE predictions of the normalized delay of PRW and SRW as functions of striker velocity v 0 for the cases E = 1 GPa (a) and E = 50 GPa (b); contours of normalised void depth h are included for a constant normalised void radius r = 0 . 21 ; the grey bands represent non-detectable ranges.
Void detection map
Based on the findings in the previous sections, we are now able to investigate whether our HNSW-based scheme can detect a void with a certain combination of size and depth. In Fig. 10 , our coupled FE/DE model is used to construct a non-dimensional void detection map in the h −r space, considering a constant striker velocity of v 0 = 0.3 m s −1 and two choices of target modulus, E = 1 GPa and E = 10 GPa, respectively. The curves were computed by imposing a constraint of T = 1 . 02 , therefore representing transitions between the non-detectable and detectable void configurations, as indicated in the figure. It can be seen that the detectable range in the h −r space significantly decreases with increasing target modulus E , rendering the detection of voids in stiff materials difficult. However, for a void which is embedded in a proximity to the surface, our method can detect the existence of the void even at a size much smaller than that of the bead used in the granular chain. This again confirms that the HNSW-based method is a highly localized scheme as observed in previous studies ( Yang et al., 2012c ) . This makes the proposed scheme attractive to applications that need local characterization of a structure, such as hot spot monitoring of aircraft and site-specific quantification of bone properties. 
Conclusions
We conducted a detailed numerical investigation on the interaction of HNSWs with linear elastic solids containing a spherical void. A coupled DE/FE model was developed to simulate the propagation of HNSWs in a 1D granular crystal as well as the nonHertzian contact phenomena with the adjacent target medium. We found that the delay and amplitude of the primary (PRW) and secondary reflected waves (SRW) strongly depend on the local contact stiffness which is dictated by target medium's elastic modulus as well as by the size and depth of the embedded void. In addition, a comprehensive parametric study was conducted to examine the sensitivity of delay and amplitude of the reflected solitary waves to variations of void size and depth, as well as to target modulus and striker velocity. The main findings of this study are the following: -The delay of both PRW and SRW increases steadily with increasing void radius r for any choice of void depth h . For a sample with Young's modulus of E = 10 GPa and normalised void size r / R < 0.5, the predictions of both PRW and SRW delay approach the pristine (no void) case if the normalised void depth is sufficiently large, h / R ≥ 0.25. -For a void of given size and depth, the delay of both PRW and SRW increases with decreasing sample modulus, suggesting that the sensitivity of the granular crystal sensor to detect voids is higher in soft materials. -If the Young's modulus of the target is sufficiently high ( E ≈ 50 GPa), the secondary reflected wave does not occur, even if the void is located very close to the surface. -For a diagnostic scheme based on measurement of the PRW delay, the detectability of voids near the sample surface decreases if the striker velocity is increased; this sensitivity is more pronounced if the Young's modulus of the sample material is low (e.g. E ≈ 1 GPa).
Finally, the FE/DE model was used to construct a nondimensional map, including transition curves between nondetectable and detectable void configurations for a given target material, providing useful overview of possible ranges of application. The present work is limited to the study of HNSW interactions with a linear-elastic material containing a single void but can be extended to more complex materials like porous or cellular solids with multiple voids arranged periodically or randomly. This is left as a topic for future studies.
